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INTRODUCTION 
The main goal of this paper is to give conditions ensuring the existence of 
periodic solutions in the case of functional differential inclusions with 
memory and as one of the particular cases for ordinary differential 
inclusions. Such existence properties will be closely related to the existence 
of a fixed point for a correspondence (i.e., a set-valued mapping) depending 
on the initial value problem associated with the considered functional 
differential inclusion. 
More precisely, let us denote by Pr = g(J,., IRP) the set of continuous 
functions from J, into the Euclidean space IRp, where J, denotes either the 
compact interval I-r, O] if 0 < r < + co or the interval (--r, 0] if 
O<r,<+us. 
For any tEI?+, let A(t) be the operator which associates to any 
continuous function x, defined at least on the interval J, , = J, u [O, t]; the 
element A(t) x E S%Yr defined by 
[A(f) xl(e) = x(t + e> for any 19 E J,. 
Let J2 be a nonempty subset of R x gr and r a given correspondence from D 
into RP with nonempty values. We call the following differential inclusion a 
functional differential inclusion with memory: 
(W $ (t) E qt, ‘4(f) x). 
A solution of (M), with initial time t = 0 and initial value 4 E Vr;, is a 
continuous function x from an interval JIaT, T > 0, into IRp such that: 
x is absolutely continuous on (0, T], 
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(6 A(t) x) E Q, for any t E [0, T], 
g (t) E Qt, A (t> x) for almost any t E [O, T]. 
Now if for any initial value 4 we denote by S,(d) the corresponding set 
(possibly empty) of solutions of (M) defined on the interval JrtT with T > 0, 
then it appears clearly that the existence of a periodic solution with period T 
is related to the existence of an initial value 4 such that d E (A(T) 0 S,](g), 
and thus to the existence of a fixed point for the correspondence A [ TI 0 S, . 
Since such a correspondence usually takes nonconvex values, we shall need a 
fixed-point theorem using the very properties of the correspondence Sr. 
These properties have been studied in previous papers by Lasry and Robert 
[6], and Haddad 151. The important fact for the purpose of the present paper 
is that under some natural hypotheses the correspondence S, is the inter- 
section of a nonincreasing sequence of upper semi-continuous correspon- 
dences, all of which have a continuous selection. Thus, we shall use this 
result to define an abstract class of correspondences, which will verify easy- 
to-prove fixed-point theorems and will be general enough to include the 
classical type of correspondence and, of course, S, and A(T) 0 S,. These 
tools will then allow us to give some general conditions ensuring the 
existence of periodic solutions. 
Cellina in a previous paper [ 3 ] has already used fixed-point techniques to 
prove the existence of solutions in the case of ordinary differential equations. 
A. O-SELECTIONABLE CORRESPONDENCES AND FIXED-POINT THEOREMS 
In this part we define the abstract notion of a-selectionable correspon- 
dence and give useful properties associated with that notion. Particularly, 
some important fixed-point theorems are developed for such a class of 
correspondence. 
I. Definitions and Algebraic Properties 
Let X and Y be two metric spaces and r a given correspondence from X 
into Y, which means a mapping from X into 9(Y), the set of all subsets of 
Y. 
DEFINITION A.I. 1. We say that r is upper semi-continuous (u.s.c.) from 
X into Y if for any open subset R of Y the set {x E X/r(x) c a) is an open 
subset of X. Usually (cf. Berge [2]), we also ask r to take compact values 
for any x E X. 
DEFINITION A.I.2. We shall say that r is an U.S.C. selectionable 
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correspondence from X into Y if it is U.S.C. and if there exists a continuous 
mapping y from X into Y such that y(x) E T(x) for all x E X. 
We obviously notice from the definition that a selectionable correspon- 
dence takes nonempty values for any x E X. 
DEFINITION A.I.3. We shall say that r is a a-selectionable correspon- 
dence from X into Y if there exists a sequence (r,},,, of U.S.C. selectionable 
correspondences from X into Y such that: 
(a) r,, ,(x) c T,,(x) for any x E X and any n E N; 
(b) T(x) = fl,ENT,(x) for any x E X. 
The sequence (T,},,, will be called a representative sequence of K 
PROPOSITION A.I.l. Every a-selectionable correspondence from X and Y 
is U.S.C. with nonempty values. 
ProoJ First, r is U.S.C. as an intersection of U.S.C. correspondences (cf. 
Berge [2]). 
Moreover, since for any x E X the sequence (T,(x))},,,V is a nonincreasing 
sequence of nonempty compact subsets of Y, it is then obvious that 
r(x) = c7rE.v T,(x) is nonempty and, of course, compact. Q.E.D. 
Remark. We notice that every U.S.C. selectionable correspondence is 
obviously a o-selectionable one. 
We shall now complete this section by giving some algebraic results 
associated with the above definitions. 
PROPOSITION A.I.2. Let X, Y, and Z be metric spaces. Let r be a 
correspondence from X into Y and A a correspondence from Y into Z. If r 
and A are both U.S.C. selectionable, then the correspondence A 0 rfrom X into 
Z defined by (A 0 r)(x) = Uv~,-~x~ A(y) for any x E X is U.S.C. selectionable. 
If r and A are both o-selectionable, then A o r is also o-selectionable. 
Moreover, if {rnlnEN and {A,,JncN are representative sequences, respectively, 
of r and A, then (A, o r,,),,, is a representative sequence of A o r, 
ProoJ Let r and A be U.S.C. selectionable. It is first true that A o r is 
U.S.C. as the composition of U.S.C. correspondences (cf. Berge 121). 
Furthermore, if “7” from X into Y and “6” from Y into Z denote 
continuous selections respectively associated to r and A, it is then obvious 
that the mapping “~5 o y” from X into Z will be a continuous selection of 
A 0 r. 
Now if r and A are both a-selectionable, they respectively admit two 
representative sequences {rn}neN and {An}neN of U.S.C. selectionable 
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correspondences. We shall now verify that (d, o r,,},,, is a representative 
sequence of U.S.C. selectionable correspondences for A o I-. 
Indeed, we know that for any n E N, A,, o r,, is U.S.C. selectionable. 
Moreover, (a) is obviously verified by the sequence (A, 0 r,},,, since it is 
verified by both sequences {T,},,, and {An}npN. 
To complete the proof we shall show that for any x E X, (A 0 T)(x) = 
n,,, (A, 0 T,)(x). It is first obvious that (A o T)(x) c (A, o T,,)(x) for all 
n EN, since (b) is verified by r, {rn}ne,v and by A, {AnJnEN. 
Now let z E (-),,N (A,, o I-,)(x) b e g’ iven. Then for any p E N there exists 
yP E T,(x) such that z E A,(y,). But since T,(x) c T,(x), which is compact, 
the sequence { ygjPc,,, admits a subsequence, again denoted ( ypjpeh for 
simplicity, which converges to a point y E T,,(x). 
Then let n E N be given. By (a) we know that for p large enough, 
yP E T,(x) c T,,(x). Since T,(x) is compact, we easily deduce by taking the 
limit that y E T,(x), and thus we have y E T(x) = nnEN T,(x). 
Finally, for p large enough we have z E A,(y,) c A,(yJ; and since an 
U.S.C. correspondence has a closed graph (cf. Berge [2]), we deduce by taking 
the limit that z E A,(y) and thus that z E A(y)= n,,,A,(y). SO 
z E (A 0 l-)(x). Q.E.D. 
As an immediate application we have the following results. 
PROPOSITION A.I.3. Let X, Y, and Z be metric spaces. Let F be a given 
correspondence from X into Y and g a continuous mapping from Y into Z; 
then the correspondence g o r from X into Z, defined by (g 0 T)(x) = g[T(x)] 
for any x E X, is U.S.C. selectionable tf r is U.S.C. selectionable and o- 
selectionable if T is a-selectionable. 
We have exactly the same result when f is a continuous mapping from X 
into Y and A a given correspondence from Y into Z for the associated 
correspondence A of from X into Z defined by (A of)(x) = A(f (x)) for any 
x E x. 
Proof The proof is an easy consequence of the preceding proposition by 
considering the correspondences x -+ {f(x)) and y * {g(y)}, which are 
obviously U.S.C. selectionable and thus also a-selectionable. Q.E.D. 
For the Cartesian product of correspondences we have the following 
result. 
PROPOSITION A.I.4. Let X, Y, and Z be metric spaces. Let r be a 
correspondence from X into Y and A a correspondence from X into Z. The 
correspondence r x A from X into Y x Z, deflned by (r x A)(x) = 
T(x) x A(x) for any x E X, is U.S.C. selectionable zf r and A are both U.S.C. 
selectionable and a-selectionable if r and A are both o-selectionable. 
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Moreover, if V,l,,, and {An}nEN are representative sequences, respec- 
tively, of P and A, then {r, x AnJneN is a representative sequence of P x A. 
Proof. The proof presents no major difftculty. It suffices to know (cf. 
Berge [2]) that the Cartesian product of U.S.C. correspondences is an U.S.C. 
correspondence. Q.E.D. 
As a last algebraic property, we deduce the following result. 
PROPOSITION A.15 Let X be a metric space and E a metrizable 
topological vector space. Let r and A be two correspondences from X into E 
and 2, ,u two real numbers; then the correspondence U + ,uA from X into E, 
defTned by (U + ,uA)(x) = U-(x) + ,u A(x) = (J,y + ,uz/y E T(x), z E A(X)} for 
any x E X, is U.S.C. selectionable if r and A are U.S.C. selectionable and o- 
selectionable if r and A are a-selectionable. 
Proof: The proof is easy by considering the continuous mapping q from 
E x E into E, defined by rp( y, z) = Ly + pz for any (y, z) E E X E, and by 
applying Proposition A.I.3 to v, o (r x A). Q.E.D. 
II. Some Examples of a-Selectionable Correspondences 
As a-selectionable correspondences are U.S.C. with nonempty compact 
values, it is natural to question if the very imporant class of U.S.C. correspon- 
dences with nonempty convex compact values is o-selectionable. The answer 
appears to be a consequence of the following approximation theorem (cf. [S] 
for the proof). 
THEOREM A.II.1. Let X be a metric space, E a locally convex metrizable 
vector space, and H a nonempty convex compact subset of E. Zf r is an U.S.C. 
nonempty convex compact valued correspondence from X into H, then there 
exists a sequence {T,},,, of U.S.C. correspondences from X into H such that: 
(a) P,,, ,(x) c r,(x) for any x E X and any n E N; 
(b) r(x) = f-h f,(x) for any x E X, and 
(c) each I-,,, n E N, verifies T,(x) = Cie,, !Pj”‘(x) Cl”’ for any x E X, 
where { Yi”)JiE,, is a locally finite, locally Lipschitz partition of unity in X 
and ( Cjn)Jic,, is an associated family of nonempty convex compact subsets 
ofH. 
By a locally finite partition of unity (Y/i)ie, we mean that for any x,, E X 
there exists a neighborhood V(x,) of x0 on which all but a finite number of 
Yi, i E I, are null and that Cic, Y,(x) = 1 for any x E X. 
Remark. The preceding theorem has been proved in [S ] when E is a 
normed space. The proof applies as well when E is a locally convex 
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metrizable space by choosing an invariant compatible metric for which every 
ball is convex. 
Moreover, if B denote the closed-unit ball centered at the origin in E, we 
have the following additional property: 
(d) for any x E X and any E > 0, there exists nE,x E N such that 
T,(x) c T(x) + sB for all n > n,,. 
We can now deduce the following result. 
COROLLARY A.II.1. Every U.S.C. nonempty convex compact valued 
correspondence from a metric space X into a convex compact subset H of a 
locally convex metrizable vector space E is a a-selectionable correspondence 
from X into H. Moreover, the approximation sequence (r,,],,, is a represen- 
tataive sequence of r. 
Proof: It suffices to verify that each r,,,n E N, defined in Theorem A.II.l 
is U.S.C. selectionable, which is obvious by (c). A continuous selection is 
(‘) naturally given by fixing cj”) E Ci for any i E I, and considering the 
continuous mapping such that y,(x) = ,Yie,, Y;“‘(x) cl”) E T,(x) for any 
x E x. Q.E.D. 
Remarks. The fact that r is a-selectionable from X into H means that 
there exists a representative sequence of U.S.C. selectionable correspondences, 
all of them taking their values into H. This property is of great importance, 
as we shall see in the main fixed-point theorem. If E is a finite dimensional 
space, then to say that r takes its values in a compact subset of E can be 
equivalently replaced by r bounded. In that case, the sequence (T,,},,,v is 
uniformly bounded with the same bound as I-. 
To be complete, we give the following result. 
THEOREM A.II.2. Let X be a metric space, E a Frechet space, and I- an 
U.S.C. nonempty convex compact valued correspondence from X into E, which 
is supposed- to be totally bounded (i.e., the image by r of any ball in X is a 
relatively compact subset of E). Then r is o - selectionable from X into E. 
Indication. The proof, identical to the proof of Corollary A.II.l, would 
use a similar version of Theorem A.II.1 using the fact that the closed convex 
hull of a compact subset of E is also compact. This explains why E is a 
Frechet space. 
The other important example, for the purpose of this paper, of u- 
selectionable correspondences is given by the correspondence S,, which has 
been described in the Introduction. 
The notations are those given in the Introduction; the topology on gr will 
be the topology of uniform convergence if the interval 1, is compact and the 
PERIODIC SOLUTIONS OF INCLUSIONS 301 
topology of uniform convergence on compact subsets otherwise. In the first 
case gr is a Banach space, and a Frechet space in the second case. 
Let r be an U.S.C. nonempty convex compact valued correspondence from 
[0, +co) X gr into R”, which is supposed to be bounded. Then since 
[O, +co) X Vr is a metrizable space, by Theorem A.II.1 there exists a 
sequence IT, IneN of uniformly bounded nonempty convex compact valued 
U.S.C. correspondences from [0, +a) x gr into Rp such that properties (a), 
(b), (c), and (d) are verified. Then to each r,,, n E N, can be associated the 
corresponding functional differential inclusion with memory (M,). Let us 
then denote for each n E N by S p’ the correspondence that associates to any 
initial value 4 E @r the corresponding set of solutions SF’(#) of (M,), defined 
on the interval Jr,T, T > 0. Since r and thus I-,,, n E N, are bounded, we 
know that for any q5 E gr solutions of (M) and (M,), n EN, do effectively 
exist on [0, $00). Then from the same previous paper (cf. [4]) we have: 
THEOREM A.II.3. For any T > 0, the sequence (SF’JnCN veriJies: 
(a*) S $““‘(#) c S$“(#) for any 4 E g and any n E N; 
(b*) S,(g) = n,,NSp)(#)for any 4 E g; and 
(c*) for any n E N there exist a nonempty compact set U, and a 
continuous mapping sp’from gr x U,, into E(Jr,*, Rp) such that 
SF’@) = sp)($, U,) = {s(,“)($, u)/u E U,) for any $J E gr. 
Indications. The topology on @(Jr,r, Rp) is obviously the topology of 
uniform convergence corresponding to the characteristics of the interval J,.,. 
In [ 5 ] we have given a more general local result. Here, since r is bounded, 
the result becomes obviously independent on 4 E E’,.. 
Finally, we have deliberately chosen to consider the interval [O, +co). All 
the preceding and following results would have been exactly the same with 
any interval 10, a) or 10, a], a > 0. In those cases, T must naturally be taken 
in the limits of the interval. 
COROLLARY A.II.2. Let r be a bounded nonempty convex compact 
valued U.S.C. correspondence from [0, + a) x gr into RIP. Then for any T > 0, 
the correspondence S, is a-selectionable from qr into G?(Jr,T, Rp). The 
sequence (Sp)JneN is a representative sequence of S,. 
Proof: It suffices to prove that each S$“, n E N, is U.S.C. selectionable. 
This is obvious by the following lemma: 
LEMMA A.II. 1. Let X, Y be metric spaces, U a compact set, and s a 
continuous mappig from XX U into Y. Then the correspondence S from X 
into Y such that S(x) = s(x, U) = (s(x, u); u E U) is U.S.C. selectionable. 
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Indications. The proof of this lemma is a standard topological proof 
using obvious continuity and compacity arguments. A continuous selection 
is naturally found by fixing u E U and considering the continuous mapping 
s(., u) from X into Y. 
As immediate corollaries we have: 
COROLLARY A.II.3. Let P be a bounded nonempty convex compact 
valued U.S.C. correspondence from [0, + a) X U: into IRp. Then for any T > 0, 
the correspondence A(T) o S, is a-selectionable from gr into U;;. The 
sequence {A(T) o Sp)}neN is a representative sequence of A(T) 0 S,. 
Proof. Since the mapping A(T) from 57(JI,r, Rp) into U;; is obviously 
continuous, the result appears to be an easy consequence of Corollary A.II.2 
and of Proposition A.I.3. Q.E.D. 
COROLLARY A.II.4. Let P be a bounded nonempty convex valued U.S.C. 
correspondence from [0, +co) x gr into IRp. Then for any T > 0, the 
correspondence R, from gr into W’, defined by R,(4) = (x(T); x E S,(o)} for 
any 4 E %7r’,, is a-selectionable from gr into IRp. 
Proof The proof is again an easy consequence of Proposition A.I.3 since 
the mapping that associates to any element x E g(Jr,r, Rp) its value 
x(T) E Rp is obviously continuous. Q.E.D. 
Finally, all these results are verified in the following particular cases. 
. Functional differential equations with memory: 
(En,) $ (t) = y(t, A(t) x), 
where y is a bounded continuous function from [O, +co) x Vr into Rp. This 
is by considering the correspondence r such that T(t, 4) = {y(t, #)} for any 
(64) E [O, +a> x q. 
. Ordinary differential inclusions: 
(1) $ 0) E w, x(t)>, 
where r is a bounded nonempty convex compact valued correspondence 
from [0, +ao) X Rp into Rp. This is by taking r = 0. 
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. Ordinary differential equations: 
W 
where y is a bounded continuous function from [0, +a~) X Rp into Rp. 
Remark. In the last two cases, the correspondences A(T) 0 S, and R, 
coincide since r = 0. 
III. Fixed-Point Theorems for a-Selectionable Correspondences 
In this section we give some fixed-point properties associated with the 
class of a-selectionable correspondences. 
THEOREM A.III.1. Let E be a locally convex metrizable vector space and 
H a nonempty convex compact subset of E. Let F be a a-selectionable 
correspondence from H into E such that F(x) c H for all x E H; then there 
exists x* E H such that x* E F(x,). 
Proof: (1) Let us first suppose that r is an U.S.C. selectionable 
correspondence from H into H. By definition there exists a continuous 
mapping y from H into H such that y(x) E T(x) for all x E H. Then by 
Schauder’s fixed-point theorem there exists x* E H such that x* = y(x*). 
(2) Let us now consider the general case of a a-selectionable 
correspondence from H into E such that T(x) c H for all x E H. Then from 
the definition, there exists a representative sequence {T,},,, of U.S.C. selec- 
tionable correspondences from H into E. 
Let us choose on E a compatible invariant metric d such that every ball is 
convex. Then we can define the correspondence n from E into H such that 
n(x) = { y E H/d(x, y) = MinzeH d(x, z)}. This correspondence is called the 
projection on H associated to the metric d. Since H is convex compact and 
since every ball is convex, it is easy to verify that n is a nonempty convex 
compact valued correspondence from E into H. 
Then by Corollary A.II.l we can associate to n a representative sequence 
W,l..N of U.S.C. selectionable correspondences from E into H. But by 
Proposition A.2.1.2 we know that {n, 0 rn}nsN is a representative sequence 
of ZZ o r which is equal to r since r takes its values in H. 
Now, by the first part of the proof we know that each I7, o r, has a fixed 
point x, E H, x, E (fl, o T,)(x,). Then the sequence {x,,}.~~ admits a subse- 
quence, again denoted {x~}~~~, that converges to a point x* E H, which is a 
fixed point of r since {n, o rnjnsN is representative of r. Indeed, let any 
n E N be given. 
For any p > n we have xp E (fl, o T,)(x,) c (17, o T,)(x,). Since n,, o r, is 
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U.S.C., it has a closed graph. Thus taking the limit we deduce that 
x* E (n, o T,)(x,) and then that x* E n,,,v (n, 0 T,,)(x,) = T(x,). Q.E.D. 
As a first corollary we have: 
COROLLARY A.III.1. Let E be a Frechet space and C a nonempty closed 
convex subset of E. Let F be a a-selectionable correspondence from C into E 
such that F(C) = UXEC F(x) is a relatively compact subset of C. Then there 
exists a fixed point x* E C, x* E F(x,). 
Proof: Since E is a Frechet space, the closed convex hull H of T(C) is a 
nonempty convex subset of C. Thus, the resriction of r to H is obviously a 
a-selectionable correspondence such that T(x) c H for all x E H. Then by 
the preceding theorem there exists x* E H such that x* E T(x,). Q.E.D. 
DEFINITION A.III.l. Let H be a nonempty convex subset of a 
topological vector space. Then for any x E H we define T,(x) to be the 
closure of (A( y -x)/n > 0, y E H}. T,( x is a closed convex cone called the ) 
tangent cone to H at x. 
DEFINITION A.III.2. Let r be a correspondence from a nonempty convex 
subset H of a topological vector space E into E. r is said to be strongly 
inward if it satisfies: 
(e) T(x) c x + Tn(x) for any x E H. 
I- is said to be strongly outward if it satisfies: 
(f) T(x) c x - Th(x) for any x E H. 
Then we have the following result: 
COROLLARY A.III.2. Let E be a normed vector space and H a nonempty 
convex compact subset of E. Let F be a strongly inward o-selectionable 
correspondence from H into E; then there exists x* E H, x* E l-(x,). 
Proof Let us consider the correspondence Ii’ o r from H into E, where Il 
always denotes the projection on H associated to the metric given by the 
norm /I. )I on E. Then I7 0 r is as before a o-selectionable correspondence 
which takes its values in H.. 
Then there exists xt E H such that x* E (n o T)(x,). This means the 
existence of y, E T(x,) such that x* E ZZ( y*). We claim that x* = y, . 
Indeed, let us suppose the contrary and define r = (Ix* -y, 11 > 0. In that 
case, the open bail centered at y, with radius r, denoted by B(y,, r), is 
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disjoined from the convex compact set H. Thus, there exist a continuous 
linear functional A on E and a scalar a E R such that 
A(Y) < (*<A(x) for all y E B( y, , r) and all x E H. 
But since 11x* - y, II= r with x* E H, we obviously have n(x,) = a. From 
(e) we know that y* E T(x,) c x* + TN&). Then there exist two sequences 
A, 2 0 and x, E H, IZ E N, such that y, - x* = limn++oa n,,(x, - x*). 
So by a continuity argument we deduce that /i(y, - x*) = 
lim n++ co A,J(x, -x*), which implies that Il(y, - x*) > 0 since A,, > 0 and 
/i(x,) >A(x,) for all n E N. 
This would give /i(y*) > a, which leads to a contradiction. 
Thus, y, = x* and x* E T(x,). Q.E.D. 
We have the following similar result for strongly outward correspon- 
dences: 
COROLLARY A.III.3. Let E be a normed vector space and H a nonempty 
convex compact subset of E. Let r be a strongly outward a-selectionable 
correspondence from H into E; then there exists x* E H, xI E T(x,). 
Proof. Let us consider the correspondence which associates (x) -T(x) 
to any x E H. By Proposition A.I.5 it is o-selectionable. Moreover, it verifies 
(x) - Z(x) c 7’,(x) for all x E H. Then the correspondence which associates 
Ix1 + lb1 -r(x)1 t o any x E H is also a-selectionable and verifies (e) of the 
preceding definition. 
Thus there exists x* E H such that x* E (x*) + [(x* ) - f(x,)], which is 
obviously equivalent to x* E f(x,). Q.E.D. 
Finally, we deduce the following result on critical points. 
COROLLARY A.III.4. Let E be a normed vector space, H a nonempty 
convex compact subset of E, and r a o-selectionable correspondence from H 
into E such that 
(g) f(x) c T,(x) for any x E H. 
Then there exists x* E H, 0 E T(x,). 
Proof: The proof is easy by considering the correspondence which 
associates (x) + T(x) to any x E H. It is a-selectionable and verifies (e). 
Thus there exists x* E H, x* E (x*} + T(x,), which is equivalent to 
0 E T(x*). Q.E.D. 
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B. PERIODIC SOLUTIONS OF FUNCTIONAL DIFFERENTIAL INCLUSIONS 
In this part, we shall use the tools which have been developed in the 
preceding part to study the problem settled in the Introduction and, thus, to 
give some natural conditions ensuring the existence of periodic solutions for 
functional differential inclusions with memory and as particular cases for 
functional differential equations, ordinary differential inclusions, and 
ordinary differential equations. We first recall some additional definitions 
and properties we shall use in the existence proof. 
I. Definitions and Useful Properties 
Let X and Y be two metric spaces. As for upper semi-continuous 
correspondences, we define the notion of lower semi-continuous correspon- 
dences. 
DEFINITION B.I.l. We say that r is a lower semi-continuous (1.s.c.) 
correspondence from X into Y if for any open subset J2 of Y the set (x E X; 
T(x) n f2 f a} is open in X. 
A first important example of 1.s.c. correspondences is given by the 
following proposition. 
PROPOSITION B.I.1. Let r be a correspondence from X into Y such that 
T(x) = y(x, U) = {7(x, u)/u E U}, where U is a given nonempty set and y a 
mapping from XX U into Y such that s(., u) is continuous from X into Yfor 
any fixed parameter u E U. Then P is a I.s.c. correspondence. 
Proof Let us suppose T(x,) n n # 0, with a open in Y. Then there 
exists u E U such that y(x,, u) E a. By continuity, there exists a 
neighborhood V(x,) of x0 in X such that y(x, u) E G for all x E V(xJ. And 
thus, r(x) n D # 0 for all x E V(xJ. Q.E.D. 
As an important corollary for this paper, we have: 
COROLLARY B.I.l. Let all the hypotheses of Theorem A.II.1 be satisfied. 
Then the defined sequence {r,,},,, of approximations is such that each r, , 
n E N, is 1.s.c. 
Proof By (c) the proof is obvious. Indeed, it suffices to consider for any 
n E N, U,, = DiEI, Cl”’ and the mapping yn from x X U,, into E such that 
y,(x, (Cy)ia,“) = c Y!“‘(x) cjy 
iel, 
which verifies the hypotheses of the preceding proposition. Q.E.D. 
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Another important proposition with an easy proof is the following one. 
PROPOSITION B.I.2. Let F and A be two correspondences from X into Y 
such that F is 1.s.c. and A has an open graph in X x Y. Then the correspon- 
dence FCI A, which associates F(x) f~ A(x) to any x E X, is 1.s.c. 
Let us now consider a nonempty compact subset H of Rp. Then we have 
the following property (cf. Aubin and Cellina [ 1 I): 
Proposition B.I.3. Suppose H has a nonempty interior in Rp. Then for 
any x E H, the interior of the tangent cone T,(x) in Rp, denoted int T,(x), is 
nonempty.Moreover, the correspondence from H into Rp, which associates 
int T,(x) for any x E H, has an open graph in H x Rp. 
To finish, we recall a selection theorem due to Michael [ 71: 
THEOREM B.I.l. Let X be a-metric space, F a nonempty convex valued 
1.s.c. correspondence from X into R p. Then there exists a continuous mapping 
y from X into Rp such that v(x) E F(x) for all x E X. 
II. Existence of Periodic Solutions 
Throughout this section, H will denote a nonempty convex compact subset 
of Rp and Xc 9, the subset of continuous functions from J, into H. A 
Euclidian norm on Rp wiJ be denoted by ]] f ]I, and the closed unit ball 
{x E Rp; ]]xl] < 1) by B. Let I- be a given correspondence from 
[0, +co)XR into R p, to which is associated the functional differential 
inclusion with memory: 
(M) $ (t) E r(t, A(t) x). 
Then with the notations given in the Introduction and the topology on gr 
defined in Section A.11, we have the following main theorem: 
THEOREM B.II.l. Suppose F is bounded nonempty convex compact 
valued U.S.C. and vertj2es: 
cc> m 4) f-l T&P)1 f 0 for any (t, 4) E [0, +a~) x Z 
Then for any T > 0, there exists q5 E Z such that Q E A(T) o S,(4), which 
means the existence of a solution x of (M) such that A(0) x = A(T) x. 
Furthermore, tffor some T > 0, F verifies 
(P) w + T, 4) = m 4) for any (t, 4) E [Q +oo > X 3, 
then (M) admits a T-periodic solution. 
40919612 2 
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Remark. We recall that in a previous paper [4], we have proved that (C) 
is a necessary and sufficient condition for the existence, for any 4 E 3, of 
solutions to (M). 
For the proof of the theorem we need some preliminary lemmas. 
LEMMA B.II.l. Suppose r is bounded nonempty convex compact valued 
U.S.C. and verifies the stronger condition: 
CC*) m 4) c TH M(O) I for any (t, 4) E [0, +a) X 3. 
Then for any T > 0 there exists 4 E Z such that 4 E A(T) 0 S,(4). 
Proof: Since H is a convex compact subset of the Euclidean space RP, 
we know the existence of a mapping rc from Rp into H, called the projection 
mapping on H, which associates to any x E Rp the unique element X(X) E H 
such that 1(x - $x)11 = Min,,, [Ix - h I/. 
Thus, we can define the correspondence A from 10, +co) x qr into Rp 
such that 
(*I A(& 4) = W, 71 0 $1 for any (4 $) E [0, +co) X qr. 
Since rc is continuous, A is obviously U.S.C. nonempty convex compact valued 
and bounded with the same bound as I-. 
Let us consider 
W*) + (t) E A(& A(t) xl, 
the functional differential inclusion with memory associated to A. 
We notice that since rr is the identity on H, we have 
(**I A (6 4) = r(t, 4) for any (t,#)E [O,+oo)x~. 
Thus from the previous paper [4] we know that condition (C,) implies that 
every solution of (M,) with initial value # E X is a solution of (M). This 
means that the solution will take all its values in H. 
Now let T > 0 be given. For any initial value 4 E gr:, we denote by SF($) 
the associated set of solutions to (M,) considered on Jr,r. 
If II > 0 denotes a common bound of r and A, then by the very definition 
of a solution to a functional differential inclusion with memory we see that 
every solution of (M,) an of (M) shall be I-Lipschitz on [0, T]. 
Thus, let us consider RA CR, the subset of all elements of R which are 
/l-Lipschitz on J,. Since H is convex and compact, we easily verify, 
particularly using a usual extension of Ascoli’s theorem, that RJ is a convex 
compact subset of gr. Thus, the restriction to RJ of the correspondence 
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A(T) o S,* takes all its values in ZA ; and since it is a-selectionable by 
Corollary A.II.2, we can use Theorem A.III.1 to claim the existence of a 
fixed point Q E R* such that 
LEMMA B.II.2. Suppose H has a nonempty interior in Rp, and let I- be a 
bounded nonempty closed convex valued 1s.~. correspondence from 
10, $00) X3 into Rp, which verifies (C). 
Then for any T > 0, there exists 4 E R’ such that q% E A(T) o S,(4). 
Proof For any e > 0, let us define Ts to be the correspondence from 
[ 0, + co) X Z’ into Rp, detined by 
for any (4 4) E [O, +a) x P. 
It is first easy to prove that r, as r is bounded closed convex valued and 
I.S.C. 
Moreover, since we know that, if K is a convex subset of Rp with 
nonempty interior then for any x E K, x + ~8 intersects the interior of K, we 
deduce from (C) that 
CC’> r& ti) n int T&(O)1 f 0 for any (4 4) E 10, +oo) X Z. 
Now, if we consider the correspondence which associates int T,[$(O)] to any 
(t, 4) E [0, +ao) x R, by Proposition B.I.3 and since the topology on 2 is 
induced by the topology of uniform convergence defined on gV:, we easily see 
that this correspondence has an open graph in [ [0, +co) x R] x Rp. 
Thus, by Proposition B.I.2 we can say that the correspondence which 
associates r,(t, 4) f7 int T”[#(O)] f or any (t, 4) E [0, -too) X GY is 1.s.c. 
(nonempty) convex valued. 
Then by Theorem B.I.l there exists a continuous mapping yE from 
]O, +co) XR into Rp such that 
M. 4) c W3 0) n int ~HkW>l for any (t,#)E [O,+co)XR. 
Thus yE, which is bounded since rE is bounded, verifies property (C,) of the 
preceding lemma, which can be written in that particular case: 
CC*) Ir,(t. $)I= TdW)l for any (t,#)E [O,+co)XX 
Now let us consider the functional differential equation with memory: 
(EmJ 
dx 
- = y,(t, A(t) x) E r&t, A(t) x); dt 
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and let k > 0 be large enough to be a common bound for any rE, with E 
small enough. 
Then from the preceding lemma we know the existence, for any T > 0, of 
a A-Lipschitz solution X, of (E,J from J,,, into H, with initial value 4, E Ki 
such that A(t) x, = 4)E. 
Now, using Ascoli’s theorem, there exists a sequence E, -+ 0’ such that xg 
converges, for the corresponding topology of uniform convergence, to a A- 
Lipschitz function x from J,,, into H. Then, if we consider # = A (0) x, using 
the continuity of the mapping A(T) from @(Jr,T, RP) into qr’,, we easily 
deduce that 
A(T) x = lilim A(T) x,” = ,,limm QEn = (6. 
To end the proof of this lemma, it suffices now to prove that x is a 
solution of (M). This is given by a now-standard argument (cf.[4, 5]), using 
Mazur’s convexity theorem. Q.E.D. 
We can now give the proof of the main theorem. 
Proof. We can first suppose, with no loss of generality, that H has a 
nonempty interior in Rp. 
Indeed, using an appropriate translation, we can first suppose that 0 E H 
without changing the hypotheses. Then we can replace Rp by the linear 
subspace E(H) c Rp, generated by H, in which H has a nonempty interior. 
Then to complete the transformations, we replace r by the correspondence 
from [0, +co) x 2+ into E(H), which associates T(t, 4) nE(H) for any 
(t, 4) E [0, +co) XX. Then from (C) and since T,[#(O)] cE(H) for any 
4 E 27, we can easily prove that all the hypotheses of the theorem are still 
verified. 
Considering the approximation sequence {T,],,, given by Theorem AX. 1, 
we notice that each r,, n E N, verifies (C) since T(t, 4) c r,(t, 4) for any 
(l,#)E [O,+m)x~. 
Using Corollary B.I.1, we easily verify that each I-,,, n E N, verifies the 
hypotheses of the preceding lemma. Thus choosing 1 > 0 large enough, for 
any n E N there exists 4, EPA such that 4, E A(T) 0 S$J”(#,). But since T1 
is compact, in a metrizable space, there exists a subsequence, again denoted 
#,, which converges to an element 4 E R1. 
Then, since {A(T) o Sp’JnEN is a representative sequence of A(T) 0 ST, we 
easily deduce that 4 E A(T) o S,(g), which completes the first part of the 
proof. 
Now, if r verifies (P), it is obvious that the element x E S,(Q) such that 
# = A(0) x = A(T) x can be naturally extended into a T-periodic solution of 
Of). Q.E.D. 
PERIODIC SOLUTIONS OF INCLUSIONS 311 
As immediate corollaries we have: 
COROLLARY B.II.1. Suppose y is a bounded continuous mapping from 
(0, + 00) X CT into Rp which verifies 
Then the associated functional dtfferential equation 
(En,) Jg (0 = r(4 A 0) x) 
is such that, for any T > 0, there exists a solution which verifies 
A(O)x=A(T)x. 
Furthermore, tffor some T > 0 we have 
(P) Y(t + T, 9) = y(t, 4) for any (t,$)E [0,+00)xX, 
then (E,) admits a T-periodic solution. 
COROLLARY B.II.2. Suppose I is a bounded nonempty convex compact 
valued U.S.C. correspondence from [0, +co) x H into Rp, which verifies 
(Co> I-0, x) n T,(x) # 0 for any (t,x)E [O, +a~) x H. 
Then the associated ordinary differential inclusion 
$0) E w, x(t)) 
is such that, for any T > 0, there exists a solution which verifies x(0) = x(T). 
Furthermore, iffor some T > 0 we have 
(PO) I-(t + T, x) = I-Q, x) for any (t, x) E [0, +co) x H, 
then (I) admits a T-periodic solution. 
COROLLARY B.II.3. Suppose y is a bounded continuous function from 
[0, +co) x H into Rp, which verfies 
(Cd y(t, x> ET.&x) for any (6 x) E [0, +a~) x H. 
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Then the associated d@erential equation 
$ (t) = a 40) 
is such that, for any T > 0, there exists a solution which verifies x(0) = x(T). 
Furthermore, iffor some T > 0 we have 
(PO) y(t + T, x) = At, x> for any (t, x) E [0, +a~) x H, 
then (E) admits a T-periodic solution. 
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